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Abstract. The Time Dependent Traveling Salesman Problem (TDTSP)
is a generalization of the classical Traveling Salesman Problem (TSP),
where arc costs depend on their position in the tour with respect to the
source node. While TSP instances with thousands of vertices can be solved
routinely, there are very challenging TDTSP instances with less than 60
vertices. In this work, we study the polytope associated to the TDTSP for-
mulation by Picard and Queyranne, which can be viewed as an extended
formulation of the TSP. We determine the dimension of the TDTSP
polytope and identify several families of facet defining cuts. In particu-
lar, we also show that some facet defining cuts for the usual Asymmetric
TSP formulation define low dimensional faces of the TDTSP formula-
tion and give a way to lift them. We obtain good computational results
with a branch-cut-and-price algorithm using the new cuts, solving several
instances of reasonable size at the root node.

Key words: Traveling salesman problem, integer programming, branch-
cut-and-price

1 Introduction

The Time-Dependent Traveling Salesman Problem (TDTSP) is a generalization
of the Traveling Salesman Problem (TSP) where arc costs depend on their posi-
tion in the tour. This work departs from a formulation by Picard and Queyranne
[1], used earlier in [2] for the TSP, to define and study the TDTSP polytope.
Our motivations are the following:

— The TDTSP itself is a rich problem, with a number of important applica-
tions. These include routing problems like the Traveling Deliveryman Prob-
lem (TDP), known also as the minimum latency problem, and scheduling
problems such as the 1|s;;| > C;.
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— The formulation in [1], called here PQ, can be generalized to provide very ef-
fective formulations to be used in branch-cut-and-price algorithms for several
Vehicle Routing Problem (VRP) variants [3] (including “nasty” cases, like
the heterogenous fleet VRP [4]) and also complex single and multi-machine
scheduling problems [5]. The TDTSP facet-defining inequalities studied in
this paper can be readily generalized and used on those problems.

— The PQ formulation can be used for solving the TSP. Of course, every known
valid inequality for the TSP could still be added to the PQ formulation. How-
ever, we verified that inequalities known to define facets of the T'SP polytope
[6] correspond to disappointingly low dimensional faces of the TDTSP poly-
tope and are usually dominated by the newly proposed TDTSP inequalities.
This means that adding TDTSP inequalities to the PQ formulation yields
a TSP formulation that is potentially stronger than those usually used, at
the expense of having n times more variables. Furthermore, we believe the
TDTSP inequalities may be projected into more complex, yet unknown, valid
inequalities for the TSP polytope. Our hope is supported by some prece-
dents. For example, [7] derived new Symmetric TSP (STSP) facets from
known Asymmetric TSP (ATSP) facets. Similarly, [8] provides another case
where relatively simple facets of an extended formulation are combined and
projected into new complex facets of the original formulation.

Polyhedral studies of the TSP have been very productive, both theoretically
and because of their algorithmic implications. Results for the STSP are surveyed
in [9] and for the ATSP in [6]. Formulations for the TDTSP have been proposed
or studied in [1, 10-13]. Exact algorithms for the TDTSP are presented in [10, 14,
15] and, for the special case of the TDP, in [16-18]. Different heuristic methods
for the TDTSP have been proposed in [13,19]. The study of the TDP polytope
was initiated in [18]. As far as we know, ours is the first investigation of the
TDTSP polytope.

This paper is organized as follows. The TDTSP polytope is defined in Section
2, where its dimension is also established. Section 3 presents Admissible Flow
Constraints, a family of strong inequalities, including an important subfamily
of inequalities proven to define facets of the TDTSP polytope and with nice
theoretical properties related to flow decomposition. Section 4 introduces Lifted
Subtour Elimination Constraints, which are a new family of facet-defining in-
equalities. Section 5 deals with Triangle Clique Constraints. Those inequalities
were already introduced in the VRP context [3], but now we show that some, and
perhaps all, define facets of the TDTSP polytope. Finally, Section 6 presents a
branch-cut-and-price algorithm for the TDTSP, separating the newly proposed
inequalities. Due to lack of space, all proofs are included in the Appendix.

2 Preliminaries

Let N = {1,2,...n} and let No = N U {0}. For a set of nodes S, K(S) shall
denote the complete (loopless) digraph over S. It is known that there is a one-
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to-one correspondence between Hamiltonian tours of K(Np) and Hamiltonian
paths (with free ends) of K (V).

The TDTSP on a complete graph K (Ny) can be modeled as an optimization
problem over a layered graph (V, A), where V consists of a source node 0, a
terminal node T, and intermediate nodes (i,¢) for i,¢ € N. The first index of
an intermediate node (i, ) identifies vertex i of the graph K (N) and the second
index will represent the position of vertex ¢ in a path between nodes 0 and 7.
The arc set A is composed of three types of arcs. For ¢ € N, (0,4,0) denotes an
arc from node 0 to node (i,1) and (i,T,n) denotes an arc from node (i,n) to
node T'. Given 4,j € N such that i # j and 1 < ¢ < n -1, (i,5,¢t) will denote
an (intermediate) arc from node (4,t) to node (j,t + 1). The third index of an
arc is its layer. Likewise, the second index of an intermediate node identifies its
node layer.

It is convenient to define G(n) to be the subgraph of (V,A) induced by
V \ {0,T}. Thus, G(n) has n? nodes {(i,t) : i,t € N} and all the n(n — 1)?
intermediate arcs of A. A path with n vertices in G(n) is of the form {(v,t) :
ve € N, 1 <t < n}. Since consecutive nodes in the path are in consecutive layers,
we can describe such paths by an ordered array (v; : t € N). Such a path can
be extended to a 0 — T path of (V, A) by appending nodes 0 and T as first and
last nodes, respectively. A path in G(n) with node sequence (v; : t € N,v; #
vj for ¢ # j), corresponds to a permutation of the elements of N, will be called
an s-path . A 0—T path of (V, A) will be also be called an s-path if it contains an
s-path of G(n). Clearly, there is a one-to-one correspondence between s-paths of
G(n) and Hamiltonian paths of K (V). Similarly, an s-path of (V, A) corresponds
to a Hamiltonian tour of K(Ny), where nodes 0 and 7' both represent node 0 of
K(No).

Picard and Queyranne [1] formulated the TDTSP over (V, A) as a linear in-
teger program with the following set of constraints, where variable xﬁ ; indicates
if arc (7, 4,t) is used and N; denotes N \ {i}.

Z xg,j =1 (1a)

JEN;
Ig,j: 3 x;’k,jzl...n (1b)
kEN;
> oat = Zz?j@l,j: oont=1...n—2 (1c)
iEN; keN;
> xﬁ;lzx;{T,jzl...n (1d)
ZGN]‘
0 n—1 . )
x07j+z in)jzl,jzl...n (1e)
t=1iEN;
z > 0 and integer (1f)

Lemma 1. The system of equations (1a, 1b, 1c, 1d, 1e) has rank n® + n.

We can use equations (1a) and (1d) to eliminate the 2n variables correspond-
ing to arcs incident to nodes 0 and 7T, obtaining the following equivalent system
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of constraints whose solutions correspond to s-paths in G(n).

Sy al=1 (22)

iEN jEN;
Soab;= > alil j=1.nt=1...n-2 (2b)
ieN; ken; 7
n—1
Zlﬁ;ﬁrZ Exijzl,jzl...n (2¢)
keN; t=14ieN;
z > 0 and integer (2d)

Lemma 2 follows from Lemma 1. Also, the removal of any single equation
from (2), such as (2a), yields a full rank system of equations.

Lemma 2. The system of equations (2a, 2b, 2¢) has rank n? — n.

Definition 1. Let P(n) be the convex hull of the incidence vectors of s-paths of
G(n) and refer to it as the TDTSP polytope.

Clearly, P(n) and the convex hull of s-paths of (V, A) are equivalent polytopes
with the same dimension. By enumerating all integer vectors in P(n), one can
determine computationally that dim P(1) = 0, dim P(2) = 1, dim P(3) = 5,
dim P(4) = 22, and dim P(5) = 60. We establish the dimension of P(n) below.

Theorem 1. Ifn > 5, then dimension of P(n) =n(n —1)(n — 2).

3 Admissible Flow Constraints

Let p = (0,v1,v2,...,0,,T) be a 0 — T path in (V, A). We define a r-cycle in p
as a subpath (v;, ..., v;4,) such that v; = v;4,. Note that no path p contains 1-
cycles, since A does not has arcs of type (7, j,t). Also note that integral solutions
of (1) are s-paths and do not contain r-cycles. A network flow in an acyclic
digraph can be decomposed as a sum of flows along paths [?]. In particular, a
fractional solution satisfying equalities (1a, 1b, 1lc, 1d) can be decomposed into
a set of 0 — T paths. However, these paths may contain r-cycles, for some r > 2.
The Admissible Flow Constraints are devised to improve the formulation by
restricting the occurrence of r-cycles.

Consider ¢ such that 1 <¢ <n — 2. The flow on arc (i, j, t) should exit node
(4,t+1) using arcs other than (j,4,t+1) to avoid creating a 2-cycle. Constraints
below model this observation.

.sz S Z x;:‘];la (Zajat) GA’]'StSniQ' (3)
kEN\{i,j}
Theorem 2. If n > 6, then each constraint of (3) defines a facet of P(n).
The following lemma relies on a characterization of feasible network flow
problems obtained by Gale [20] and Hoffman [21] which, if applied to balanced

transportation problems on incomplete bipartite graphs, yields a generalization
of Hall’s marriage theorem [22].
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Lemma 3. Let S and D be the set of supply and demand nodes of a balanced
transportation problem and suppose N(R) = D for every subset R C S such that
|R| = 2. Then the transportation problem is feasible if and only if b(v) < b(N (v))
for each supply node v € S.

Theorem 3. Let © € R satisfy constraints (1a, 1b, Ic, 1d) and (3). Then x
can be decomposed into flows along 0 — T paths such that none of them contains
a 2-cycle.

Inequalities (3) may be aptly called 2-cycle elimination constraints. The elim-
ination of larger r-cycles by means of inequalities appears to be much more
difficult, even for » = 3. Nevertheless, the following generalization of those in-
equalities proved to be a rich source of strong cuts.

Definition 2. Let X be a connected set of vertices of G = (V, A) not containing
vertices in {0, T}. If e € §(X), define C(X,e) C 67(X) as the set of leaving
arcs that are admissible for e with respect to X : those arcs f that belong to an s-
path entering X at e and leaving X for the first time at f. For a set E C 6~ (X),
define C(X,E) C 67 (X) as UeepC(X,€). For a given X and E, the following
valid inequality is called an Admissible Flow Constraint (AFC):

Z Te S Z Zf (4)

eEE feC(X,E)

Definition 3. Let ((i,t), (u1,t+1),..., (up—1,t+7—1), (4, t+7)) be a minimal
r-cycle in G. The AFCs where X = {(u1,t +1),...,(up—1,t + 7 — 1)} and
E = {(i,u1,t)} are called r-cycle elimination constraints.

Computational experiments and partial results not stated here support the
conjecture that all r-cycle elimination constraints are facet-defining. The more
general AFCs are usually not facet-defining, but are still interesting because: (i)
there are AFCs that are not dominated by r-cycle elimination constraints; (ii)
for a fixed set X they can be separated (finding the best set E) in polynomial
time as a min-cut problem; and (iii) they proved to be very useful in practice.

4 Lifted Subtour Elimination Constraints

The classical Subtour Elimination Constraints (SECs) [23] are known to de-
fine facets of the STSP polytope [24] and also of the ATSP polytope [9]. SEC
inequalities can be expressed in terms of the TDTSP variables as follows:

n—1
Zx&ﬁZZZﬂcﬁ,jZL S CN,|S|>1. (5)

jeS t=1 i¢S jes

Eliminating the variables of arcs not in G(n), we obtain the equivalent inequal-

ities:
n—1
DD wg D ) D w; =1 SCNJS|> 1 (6)

€S jEN; t=1i¢S jes
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SECs may define quite low-dimensional faces of the TDTSP polytope. Lifting
them provides a much stronger family of valid TDTSP inequalities that we call
Lifted Subtour Elimination Constraints (LSECs):

n—|s|
D> a4 > > > ab; =1, ScNSI> L (7)
i€ES jEN; t=1 i¢S jeS

The above inequality states that an s-path {v; : t € N} must satisfy v; € S
or {vg, Vgt1 : Uk € S,vk41 € 5,1 < k <n—|S|}. That is, an s-path either starts
at a vertex in S or it must enter S no later than layer n — |\S|. This constraint is
valid because an s-path entering S for the first time after layer n — |S| will not
be able to cover all elements of the set S. Similarly, the inequality below states
that an s-path either ends at a vertex in S or leaves S at layers greater or equal
to |S|. This is a valid constraint because an s-path that exits the set S before
arc layer |S| will not have covered the set S completely and, thus, must return

to it.
n—1
E g g x;j—&—g g x;f;121, S CN,|S] > 1. (8)

t=|S]i€S j¢S JESIEN\J

Let G(n) be the graph obtained from G(n) by reversing all its arcs and the
order of the node layers. Clearly, each s-path in G(n) corresponds to a unique
s-path in G(n). Note that constraint (8) can be viewed as a constraint of type
(7) for the s-paths of the graph G(n), using the same set S in both inequalities.
We can conclude that inequality (7) for a fixed set S defines a facet of P, if and
only if inequality (8), for the same set S, defines a facet of P,.

Lemma 4. Inequality (7) defines a facet of P, if and only if inequality (8) also
does.

Our main result for this section establishes that lifted subtour elimination
constraints define facets. Its proof relies on a double induction.

Theorem 4. Ifn > 6 and 3 < |S| < n — 3, then constraint (7) defines a facet
of P(n).

5 Triangle Clique Constraints

A well-known way of deriving strong cuts for binary integer programs is by
analyzing their variable incompatibility graph. This graph has a vertex for each
binary variable and an edge for each pair of variables that are incompatible,
i.e., they can not have both value 1 in any solution. As each solution must
induce an independent set in this graph, known facets of the independent set
polytope, like clique and odd-hole inequalities [25], yield potentially strong cuts.
This approach can not be used on the STSP, since any pair of edge variables can
appear in some tour. However, the arc variables in the ATSP define an interesting
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incompatibility graph. While no clique cuts exist, in fact they are dominated
by degree constraints or SECs, the facet-defining Odd Closed Alternating Trail
Constraints correspond to odd-holes in the incompatibility graph. The arc-time
variables in the TDTSP provide an even richer incompatibility graph, where
even simple cliques provide new families of facet-defining cuts.

Let S C N satisfy |S| = 3 and consider two arcs (i, 5, t), (¢',5,t") of G(n)
such that (i,7), (¢, 5") € A(S). Note that these two arcs are compatible if and
only if they are adjacent and do not form a 2-cycle. Since few such pairs of
arcs are compatible, it is more convenient to work over the compatibility graph,
the complement of the incompatibility graph. Given S = {i,j,k} C N, let
G(S) = (V, &) be the compatibility graph associated to S, where each vertex of
V is an arc (4, 4,t) of G(n) with (4,j) € A(S) and each edge of £ is a compatible
pair {(4,,t), (j,k,t+1)}. An independent set Z C V is a maximal set of vertices
in G which are all pairwise incompatible. It is clear that the following inequality
is valid:

Z xfj <1 9)

(i,5,t)€T

These constraints were proposed in [3] for a more general setting and were
named Triangle Clique Constraints. In particular, [3] describes an efficient pseudo-
polynomial separation procedure (which is polynomial when restricted to the
TDTSP) and demonstrates the usefulness of these constraints for solving het-
erogeneous vehicle routing problems with a branch-cut-and-price algorithm. We
prove here that constraints (9) define facets of the TDTSP polytope when I has
a certain regular structure, and conjecture that this result remains true for all
triangle clique inequalities.

The independence sets we consider here induce bipartite subgraphs on al-
ternating layers of G(n), where each subgraph is isomorphic to (S, A(S)). Let
A(S,t) = {(4,7,¢t) : (i,7) € A(S)}, we call the following four cases of indepen-
dence sets alternating.

1. For n even, T = UZfl A(S, 2k —1).

2. For n even, Z = U,(C":/f)_l A(S, 2k).

3. For n odd, T = "% A(S, 2k — 1).
4. For n odd, T = "2 A(S, 2K).

Lemma 5. Letn > 7. Let S C N and |S| = 3. Let T be an alternating indepen-
dence set corresponding to S. Let a = (i,j,s) and b = (k,l,t) be two compatible
arcs such that k,1 ¢ S and either [t—s| =1 or {s,t} = {1,n—1}. Then there ex-
ists an s-path containing a = (i,j,s) and b = (k,1,t) which also contains exactly
one arc in I.

Theorem 5. If n > 7 and T C V is an alternating independence set, then (9)
defines a facet of P(n).
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6 Branch-cut-and-price Algorithm

The main drawback of working directly with the PQ formulation is its large size,
O(n?) variables and O(n?) constraints. However, an equivalent reformulation in
terms of O — T paths in (V, A) can be handled in an effective way. Number all
possible O — T paths from 1 to p. Define qfé as a binary coefficient indicating
whether arc (4, j,t) appears in I-th O — T path, and \; as the positive variable
associated to that path.

D
Minimize Y>( Y qlct ;)\ (10a)
=1 (i,j)eA =~
S.t.
p
(X adhN=1j=1...n (10b)
I=1 (i,jt)eA
A > 0 and integer (10c)

The linear relaxation of this formulation can be efficiently solved by column
generation, since the pricing subproblem consists in finding shortest O — T paths
in (V, A). This can be done in O(n?) time by dynamic programming. Stronger
linear relaxations can be obtained by only pricing paths without r-cycles, for
small values of r. Changing the dynamic programming procedure in order to
avoid paths with 2-cycles is simple and only adds a small factor to the pricing
time. On the other hand, pricing paths without larger r-cycles is much more
complex. The best known algorithm has a complexity of O(r!r?n3) [26]. Usually,
this is only practical for r» < 4.

A fractional solution of (10) can be translated into a fractional solution of
(1). Cuts, like those presented in the previous sections, can then be separated,
translated back to the space of the A variables and added to the linear relaxation
of (10). Embedding this column and cut generation scheme within a branch-and-
bound method yields a Branch-Cut-and-Price (BCP) algorithm.

Bigras, Gamache and Savard [14] recently implemented a BCP algorithm
for the TDTSP that also uses formulation (10), pricing paths without 4-cycles.
The main difference between their BCP and the one presented here lies in the
cutting part. They separate families of TSP cuts (using procedures from Con-
corde [27]) and also non-structured clique cuts obtained by explicitly building
the incompatibility graph and looking for maximum weighted cliques in it (using
the CLIQUER package [28]). In contrast, our BCP separates only the specific
TDTSP cuts presented in the previous section as follows:

— The proposed AFC separation is based on the flow decomposition of a frac-
tional solution into O —T paths. In a BCP context this decomposition comes
directly from the fractional solution of (10). For each path in the decom-
position, all minimal r-cycles are identified. For an r-cycle ((i,t), (ui,t +
1),y (Upoq,t+1r—1),(i,t+7)), we try to separate AFCs in three different
ways:
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1. We check if the r-cycle elimination AFC for X = {(uy, t+1),..., (up—1,t+
r—1)} and E = {(i,u1,t)} is violated.

2. As mentioned in Section 3, for a fixed X we can find the set £ C §~(X)
leading to the most violated AFC or show that no AFC is violated by
solving a max-flow min-cut problem. This is done by setting a bipartite
network where one side has one vertex for each arc in §7(X) and the
other side has one vertex for each arc in §7(X). There is an arc joining
each e € 67 (X) to each arc in C(X, E). All those arcs receive infinity
capacity. An additional source vertex s is linked to vertices e € §7(X)
by arcs with capacity equal to the fractional value of e. In a similar way,
arcs f € 07 (X) are linked to a target vertex ¢ by arcs with capacity
equal to the fractional value of f. It can checked that a violated AFC
over X exists only and only if the max s — ¢ flow in that network has
value strictly lesser than one. The second AFC separation applies this
procedure to set X = {(u1,t+1),..., (up_1,t +r—1)}.

3. The third AFC separation applies the above procedure to set X =
{(v,t) ;v e{ur,...,ur—1},t=1,...,n}.

— We do not know if LSECs can be separated in polynomial time. Our current
separation is based on a Mixed-Integer Program model that is reasonably
effective in practice.

— Triangle cliques are separated in O(n?) time by the dynamic programming
procedure proposed in [3].

An additional element of the proposed BCP is the use of reduced cost fixing
to eliminate arcs from formulation (1). The default parameter is pricing paths
without 4-cycles. The code is written in C++ and was implemented over the
Coin-Bcep framework, version 1.2.2; and used the Coin-LP solver, version 1.10.0
[29]. The experiments were conducted on a machine with an Intel Core 2 Duo
3.06Ghz processor.

Even tough the proposed algorithm is devised for general TDTSPs, all our
tests were performed in TDP instances taken from the TSPLIB [30]. In those in-
stances, the cost of an arc (4, j, t) is defined as (n—t)-d(i, j), where d(i, ) is taken
from a distance matrix. This allows direct comparisons with a larger literature,
as there are relatively few articles providing computational results for non-TDP
instances. Those TDP instances are much harder than their TSP counterparts
- the only algorithm able to obtain optimal solutions for instances with n > 50
is the combinatorial branch-and-bound proposed in 1993 by Fischetti, Laporte
and Martello [16]. Comparisons with the results published in that paper would
be meaningless, due to the disparity between machines after almost two decades
of computer hardware development. Happily, those authors kindly provided us
with that code, so we could compare its performance with that of the proposed
BCP on the same machine and on the same instances.

Table 1 reports the results of those comparisons. Columns Root LB, Nodes
and Time represent the lower bound at the root node (bold values are opti-
mal), the number of nodes and the total time to solve the instance for both our
code and Fischetti et al.[16]’s (column FLM93). The fast bound computations
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of Fischetti et al. are advantageous in smaller instances. However, as instances
get larger, our stronger lower bounds give our code an advantage (in fact all in-
stances were solved at the root). We include in our table the results of our code
for instance brazil58, for which FLM93 was unable to finish solving within a
time limit of 21,000 seconds. Solving that harder instance within that time limit
required a special parameter setting (that is why this instance is marked with a
star), pricing routes without 5-cycles. We also compare our proposed BCP with
the best LP based method in the literature, the BCP described in [14].

Instance | OPT Our BCP FLM93
Root LB Nodes Time |[Root LB Nodes Time
bayg29 | 22230 | 22230 1 85 20374 5535 0.5
bays29 | 26862 | 26862 1 3 24268 5194 0.5
berlin52 {143721| 143721 1 85 | 130292 585347 327.7
1
1

eil51 | 10178 | 10178 15 9658 526111 75.4
eil76 | 17976 | 17976 145 | 16894 ~ 4M 3515.7
brazil58*|512361| 512361 1  15655| 435016 - -

Table 1. Comparison with the branch-and-bound from [16].

Instance| OPT |[BGS08 BCP| Our BCP
Time Nodes|Time Nodes
grl7 12994 3 1 0.5 1
gr2l |24345| 10 1 1 1
gr24 |13795| 15 1 1.5 1

1

1

bays29 [22230| 76 16 | 4
bayg29 (26862 191 51 | 85

Table 2. Comparison with the results in [14].

Table 2 reports the results for all TSPLIB instances for which [14] ran their
experiments. Their times were obtained in an Intel Pentium 4 3.4 GHz machine.
It is worth noting that [14] also eliminate 4-cycles in the pricing, we are basically
comparing cut efficacy. We also performed experiments to analyze the effect of
using the proposed TDTSP cuts versus the effect of forbidding cycles of higher
cardinality in the column generation phase. Notice that, as mentioned before,
total elimination of r-cycles by means of cuts seems hard to do, even for r =
3. In contrast, if such a restriction is done in the pricing phase, r-cycles are
eliminated in advance. In spite of this, our experiments show that, at least in
terms of bounds, our cuts can achieve the same (or better) bounds than r-
cycle elimination within a more reasonable time for larger values of r. Table 3
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Instance|r = 4, no cuts|r = 4, all cuts|r = 5, no cuts |r = 6, no cuts
Time LB |Time LB |Time LB |[Time LB

bayg29 | 6 21824 | 85 22230 | 34 22230 |1916 22230
bays29 | 3 26862 | 3 26862 | 35 26862 (2215 26862

berlin52| 48 141257 | 85 143721| 353 142192 | * *
eil51 15 10178 | 15 10178 | 138 10178 (5989 10178
€il76 93 17949 | 145 17976 | 452 17956.62| * *

brazil58| 178 468513 | * * 3197 490153 | * *

Table 3. LB obtained using cuts versus eliminating more cycles in the column gener-
ation.

illustrates this effect (a star in the table represents that the run did not finish
running after 2h). In those instances, it is clear that the best times are achieved
by using 4-cycle elimination in the pricing phase combined with cuts.

The TDTSP families of cuts proposed in this article, strong from a polyhedral
point of view, appear to be also strong in practice. They were able to completely
close the integrality gap for all the TDP instances tested, with n up to 76.
However, making an effective use of those cuts to solve larger instances is still a
challenge.
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Appendix

Proof of Lemma 1

Proof: The subsystem composed by the n? + 1 flow conservation equations (1a,
1b, 1c, 1d) has (full) rank n?+1 since they are the flow conservations constraints
for the connected digraph G = (V, A) which has n? +2 nodes (note that the flow
conservation constraint for terminal node T is absent).

We prove next that exactly one of the n equations (le) is redundant in
the system (la, 1b, 1c, 1d, le). Equation (1a) combined with flow conservation
constraints (1b, 1c) imply that the total flow in each arc layer is equal to 1. That
is,

o> al=1t=1...n-1.

i€EN jEN\i

The sum of all flow variables in the first n of layers G = (V, A) equals n:

POETED B Dib P pe (11)

JEN t=1i€N jEN\i

Thus, we can eliminate from (1le) the equation corresponding to an arbitrary
single index k& € N and (11) would imply that it still holds true:

n—1

xg,k + Z Z xﬁ,k =1

t=14ieN\k

To complete our proof, we show that if more than one equation from (le) is
eliminated then the set of solutions to the remaining system is enlarged, implying
that the rank of the system of equations decreased. Suppose then that equations
(le) corresponding to indices k and [ are eliminated. Consider the incidence
vector of the path (0, k, S, k,T), where S is any permutation of N\ {k,}. Finally,
note that this vector satisfies all remaining constraints but is not a feasible
solution for the original system of equations (1a, 1b, 1lc, 1d, le) since constraints
(le) are violated for k and I. O

Proof of Theorem 1

Proof: Lemma 2 implies that dim P(n) < n(n—1)(n—2). We prove by induction
that we can choose n(n — 1)(n — 2) + 1 linearly independent (LI) vectors in
P(n). The induction basis for n = 5 is established computationally. Suppose the
result is true for n > 5, we need to show that P11 = (n+ 1)n(n — 1). Consider
G(n 4+ 1) and its subgraph G(n). The induction hypothesis asserts that G(n)
contains dim P(n) + 1 = n(n — 1)(n — 2) + 1 affine independent (AI) s-paths.
Each of these s-paths can be trivially extended to an s-path of G(n + 1) by
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simply appending node (n 4+ 1,n + 1) as the last node of the path. This yields
dim P(n) + 1 = n(n — 1)(n — 2) + 1 AI s-paths in G(n + 1). To complete the
required set of Al s-paths in G(n+ 1) we need 3(n? —n) = dim P,.;1 — dim P(n)
additional s-paths. We iteratively construct the required set of AI s-paths by
including, in each successive s-path, an arc that was not used previously. Note
that, compared with G(n), G(n + 1) has 3n? — n additional arcs and we need
3n? — 3n new s-paths. Thus, there are 2n “surplus” arcs available.

Extending the set of AI s-paths in the induction hypothesis from G(n) to
G(n + 1) consumed the n arcs incident to node (n + 1,n + 1). Thus, we have
only n surplus arcs remaining in order to construct the 3(n? —n) s-paths we still
need. All additional s-paths defined next will contain a node of type (n + 1,t)
for t =1,...,n and will use one surplus arc per node (n + 1,t).

We consider two cases: (1) s-paths that contain node (n + 1,1) and (2) s-
paths that contain a node (n + 1,%), for t > 1. For case 1, we will construct a
set of n? — 1 linearly independent s-paths that use the n incident arcs at node
(n+1,1) and the n(n — 1) arcs {(,4,n), 1 <i,5 < n, i # j}. Our construction
rests on the following observation: given a pair of arcs (n + 1,4,1) and (4, k,n)
such that i # j and i # k, we can always find an s-path that contains these two
arcs.

We begin by fixing arc (n + 1,1,1) and generate a set of s-paths, each
one terminating with a different arc (i,j,n). Thus, the possible final arcs are
{(U,kyn), 2 < 4,k < mn, j # k}, yielding (n — 1)(n — 2) AI s-paths. Next, for
each arc (n + 1,4,1), 2 < i < n, we construct an s-path that terminates in
one of the (already used) arcs (j,k,n), 2 < j,k < n, j # k. This produces
n — 1 additional s-paths. Next, we select arc (n + 1,2,1) and use it to produce
2(n — 2) s-paths terminating with either arcs (j,1,n), j = 3,...,n or (1,k,n)
k =3,...,n. Finally, we fix arc (n 4+ 1,3,1) and use it to generate two s-paths,
terminating with arcs (2,1,n) and (1,2, n), respectively. This procedure created
n?—1=(m-1)(n-2)+(n—1)+2(n—2)+2 Al s-paths.

For case 2, where t = 2,...,n, each node (n + 1,¢) has n incoming arcs
{(i,n+1,t—1):i=1,...,n} and n outgoing arcs {(n+1,5,t) : j=1,...,n}.
We will construct 2n — 1 AI s-paths that contain node (n+1,t). Note that, given
a pair of arcs {(i,n+1,t —1),(n+1,4,t)}, such that i # j, it is always possible
to include this pair of arcs within an s-path.

We first fix the incoming arc (1,n 4+ 1,¢ — 1). This arc can be combined with
an outgoing arc of the form (n+1,j,t) for j = 2,...,n to be part of an s-path of
Gpt1. Similarly, outgoing arc (n 4+ 1,n,t) can be combined with incoming arcs
of the form (i,n+1,t — 1) for i = 2,...n — 1 to produce n — 2 s-paths. Pairing
arc (2,n+ 1,t — 1) with (n + 1,1,¢) yields one more path. Finally, we combine
arcs (n,n+1,t—1) and (n+1,1,¢) to obtain the last s-path needed to complete
the set of 2n — 1 AI s-paths containing node (n + 1,¢). Repeating this procedure
for each t = 2,...n yields (n — 1)(2n — 1) Al s-paths.

In summary, we created a total of 3n? —3n = (n? —1) + (n — 1)(2n — 1) Al
s-paths, in addition to the ones obtained from the induction hypothesis. a
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Proof of Theorem 2

Proof: Without loss of generality, we may assume ¢ = 1 and 57 = n. Note that
arc (1,n,t) enters node (n,t+ 1) where 1 <t < n — 2. To show that constraint
(3) is not satisfied as an equation for all vectors of P,, we note there exists an
s-path that contains arcs (2,n,t) and (n,3,t + 1). The incidence vector of such
a path satisfies constraint (3) for arc (1,n,t) as strict inequality.

Next, since dim P, = n(n — 1)(n — 2), we need to show that n(n — 1)(n —
2) affinely independent vectors in P, satisfy constraint (3) associated with arc
(1,n,t) as equality. The construction in the proof of Theorem 1 shows that we
can find dim P, + 1 linearly independent s-paths in G(n). We partition this set
of linearly independent s-paths into two subsets, B and B, such that B are the
s-paths that do not contain node (n,t + 1) and B are the s-paths that contain
node (n,t +1).

The s-paths in B all satisfy constraint (3) associated with arc (1,n,t) as
equality with value 0 since they do not contain node (n,t + 1). In the proof
of Theorem 1, |B| = 2n — 3. We replace B by a set B’ composed of 2n — 4
linearly independent s-paths, all of which satisfy constraint (3) for arc (1,n,t)
as equality.

The set B’ is constructed as follows. For each k& € N(1,n) we combine in-
coming arc (k,n,t) with outgoing arc (n,1,t+1) to generate n — 2 linearly inde-
pendent s-paths which satisfy (3) as equation with value 0. Finally, we combine
incoming arc (1,n,t) with the n — 2 outgoing arcs (n, k,t+1), for k € N\ {1,n}
to obtain n — 2 independent s-paths which satisfy (3) as equation with value 1.

Note B U B’ is linearly independent by construction and |BU B’| = dim P,.

O

Proof of Theorem 3

Proof: Let x € R4, satisfy the assumptions of the theorem. We show that x is
a convex combination of incidence vectors of 0 — T' paths which do not contain
two-cycles.

Let (j,t) be a node of (V, A) such that 1 < ¢ < n. We consider the flow on
arcs incident to node (j,t), along incoming arcs {:1::_71 14 € N;} and outgoing
arcs {2, : k € N;}. Associated with node (j,t), we construct a transportation
problem with (n — 1) source nodes S = N \ j and a symmetrical set of demand
nodes D = N\ j. Each node ¢ € S has its available supply set equal to xt_l and
each node k € D has its demand set equal to x - For each pair i,k € N such
that ¢ # k, we place an arc (i, k) connecting node i€ S with k € D.

The above transportation problem satisfies the condition of Lemma 3. In
particular, a feasible solution to this transportation problem provides a way of
decomposing the entire flow along arcs incident to node (j,t) into flow along
paths of length two, where each one is of the form (¢,t — 1), (4, t), (k,t + 1) and
1 # k. None of these paths of length two in the decomposition, when viewed as
a path in the graph K(N), forms a two-cycle in K(N).
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Given a flow in z of (V;, A) and a feasible solution for each of the transporta-
tion problems described above, we combine them to construct a feasible flow for a
larger network as follows. The new network is created by substituting each node
(4,t) in G = (V, A) with j € N and 2 < i < n — 1, by a bipartite digraph with
uncapacitated arcs as described above. The arc flows in each of these bipartite
graphs are set equal to the feasible solutions of the corresponding transportation
problem.

Nodes 0, T, and (j,t) for j € N and ¢t = 1 or n remain in the new network
without further node splitting. Each arc (4,7,¢) in the original graph (V,A)
would have a corresponding arc, with flow value set equal to x‘;j, connecting
the appropriate nodes in the new network. Clearly, the flow thus defined in the
new network is feasible for a problem where all nodes, except 0 and T, are
transshipment nodes. Thus, the flow can be decomposed as a sum of flows on
paths (in the new network) that start at node 0 and end at node T'. Finally, by
shrinking each of the bipartite graphs to its original node in (V, A), each of these
paths can be shortened to a path of (V, A) that does not contain a two-cycle.
This procedure yields the desired decomposition of x. O

Proof of Theorem 4

Proof: We prove by induction on n and on |S| that there are n(n — 1)(n — 2)
linearly independent (LI) s-paths that satisfy (8) as equality. We first establish
that (8) defines a facet of P, for |S| = 3 and n > 6. We can assume without loss
of generality that S = {1,2,3}. The induction basis is obtained computationally
for n =6 and |S| = 3.

The induction asserts there are n(n — 1)(n — 2) LI s-paths in G(n) that
satisfy (8) as equality. We show below how to construct (n+ 1)n(n—1) LI paths
in G(n + 1) that satisfy (8) as equality. We divide the set of LI paths to be
constructed into 5 cases.

1. s-paths contained in G(n) except for the last arc incident to node (n+1, n+1);

2. s-paths that begin at node (n+ 1,1) and whose last arc (i, j,n) is not of the
formi ¢ S and j € S;

3. s-paths that contain node (n + 1,¢), where 1 < ¢ < |S], and whose last arc
(i,7,m) does not satisfy i € S and j € S;

4. s-paths that contain node (n 4 1,t), where |S| < t < n, and whose last arc
(i,4,n) does not satisfy i ¢ S and j € S;

5. s-paths whose last arc (¢, j,n) satisfies i ¢ S and j € S.

For case 1, we note that the n(n—1)(n—2) LI s-paths in G(n) can be extended
in the same way as in the proof of Theorem 1. If an s-path in G(n) ends at an
arc (i,j,n — 1), with j € S, then this arc contributes to the left-hand side of
(8) for G(n) but not for G(n + 1). In this case, the arc (j,n + 1,n) appended
to the s-path replaces (4, j,n) in the left-hand side of (8). On the other hand, if
an s-path in G(n) ends at an arc (¢,j,n — 1), with j € S, then this arc does not
contribute to the left-hand side of (8) for G(n). In this case, the arc (j,n+1,n)
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appended to the s-path also does not contribute to the left-hand side of (8).
Hence, all these LI paths in G(n + 1) satisfy (8) as equality. Like in the proof of
Theorem 1, we need to find an additional set of 3n? — 3n LI paths and there are
still 3n? — 2n unused new arcs (so we have n “spare” arcs left).

For case 2, there are n? — (n — |S])|S| new arcs that can be used. We will
construct n? — (n — |S|)|S| — 1 s-paths, each one using one arc not used before,
thus consuming one “spare” arc. To proceed, we choose n? — (n—|S])|S| —1 pairs
of arcs, each pair containing one arc in layer 1 and one arc in layer n. These arc
pairs are chosen in the same way as in the proof of Theorem 1, but leaving out
the pairs that contain a forbidden arc (i,7,n) with ¢ ¢ S and j € S. Next, for
each selected pair of arcs, we build an s-path that contains these two arcs and
satisfies (8) with equality. We do as follows: if k ¢ S and ¢ € S (and the arcs
(n+1,k,1) and (4,7,n) are used), then complete the s-path in such a way that
it enters the set S only once (either in layer n — 2 or n — 3 depending whether
j € Sornot). If i, 5,k € S, then complete the s-path in such a way that it enters
and leaves the set S only once, between the layers 1 and n. If k € S and i € S,
then complete the s-path in such a way that it leaves the set S in the layer 2
and enters it only once more (either in layer n — 1 or n — 2 depending whether
je€Sornot). If k€ Sand i,j ¢ S, then complete the s-path in such a way that
it leaves the set S only in the layer 4, after all node indices of S have been used.

For case 3, for any pair of node indices i, j, with i # j, one can always find
an s-path that uses the arcs (i,n + 1,t — 1) and (n + 1,4,¢) and satisfies (8)
with equality as follows. Before the layer ¢, complete the s-path in any valid way.
After the layer ¢, complete the s-path in such a way that it enters the set S only
once and before the layer n. For that, it must leave the set S only after all its
node indices have already been visited. Then, one can choose the pairs of arcs
(t,n+1,t—1) and (n +1,4,t) in the same way as in the proof of Theorem 1.

For case 4, we choose arc pairs (i,n+1,t—1) and (n+1, j,t) in a similar way
as in the proof of Theorem 1. We first fix the incoming arc (n,n+1,¢—1). This arc

can be combined with an outgoing arc of the form (n+1,j,¢) forj=1,...,n—1
to be part of an s-path of G,41. Similarly, outgoing arc (n+ 1,n — 1,¢) can be
combined with incoming arcs of the form (i,n+ 1,t — 1) fori=1,...,n— 2 to

produce n — 2 s-paths. Pairing arc (1,n + 1,¢ — 1) with (n + 1,n,t) yields one
more path. Finally, we combine arcs (n—1,n+1,t—1) and (n+1, 1,t) to obtain
the last s-path. Note that we never combine a pair of arcs where both endpoints
i,j € S. For each chosen pair of arcs, we build an LI s-path that use both arcs
(i,n+1,t—1) and (n + 1,J,t) and satisfy (8) with equality as follows. If j & S
and either ¢ € S or t = n, then complete the s-path before the layer ¢ in such a
way that all node indices of S are visited. Then, after the layer ¢, complete the
s-path in any valid way (e.g. without entering S again). If j € S or both ¢ ¢ S
and t < n, then complete the s-path before the layer ¢ in such a way that exactly
|S] — 1 node indices of S are visited in the layers 1,...,|S| — 1. In this case, leave
the set S in the layer |S| — 1 and enter it only after visiting the node (n + 1,¢),
to visit the only remaining node index in S.
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For case 5, we build the remaining (n — |S|)|S| LI s-paths by visiting exactly
|S| — 1 node indices of S in the layers 1,...,|S| — 1, leaving the set S in the
layer |S| — 1, and entering it only in the arc layer n, through each chosen arc
(i,4,m + 1), to visit the only remaining node index in S.

Having established that (8) defines a facet for |S| = 3 and n > 6, we now
prove by induction that the result also holds for |S| > 3. Assume without loss
of generality that S = {n —|S|+1,...,n}. Now, by Lemma 4 it is equivalent to
consider instead constraint (7).

Let n > 6 and |S| > 3. By induction, there are n(n — 1)(n — 2) LI s-paths
in G(n) that satisfy (7) as equality. We show how to construct (n + 1)n(n — 1)
LI paths in G(n + 1) that satisfy (7) as equality, where S is replaced by S’ =
SU{n+1}.

We divide the set of LI paths we construct into 4 cases.

s-paths contained in G(n) except for the last arc incident to node (n+1,n+1);
s-paths that begin at node (n + 1, 1);

s-paths that contain node (n + 1,t), where 1 <t <n —|S|;

s-paths that contain node (n + 1,t), where n — |S| <t <mn.

Ll

For case 1, we note that the n(n — 1)(n — 2) LI s-paths in G(n) can be
extended in the same way as in the proof of Theorem 1. This is true because the
coefficients of all arcs of G(n) in (7) do not change when extending the graph
to G(n + 1) and replacing the set S by S’. Moreover, all arcs incident to node
(n+ 1,n + 1) have null coefficients in (7).

For case 2, we note that for each pair of arcs (n+1,7,1) and (k,1,n), we can
always find an s-path that does not enter the set S before the arc layer n — 1.
For that, one must complete the s-path that starts with the arc (n + 1,4,1) by
visiting all the vertices in S (except k and [) before leaving this set. Such s-path
satisfies (7) as equality. Hence, the pairs of arcs can be chosen as in proof of
Theorem 1. This generates n? — 1 s-paths.

For cases 3 and 4, we note that for each pair of arcs (i,n + 1,t — 1) and
(n+1,7,t), we can always find an s-path that satisfies (7) as equality. For case 3,
the s-path can visit as many vertices out of S as possible before the node layer
t. After the node layer ¢, it must leave S as soon as possible, and enter S again,
if necessary, only after the arc layer n — |S|. For case 4, we have two subcases:
i€ Sandi¢ S.In both subcases, the s-path can leave the set S, after the node
layer ¢ as soon as possible. Before the node layer ¢, If i € S, the s-path can enter
the set S only once, exactly |S| arc layers before it leaves this set. If ¢ ¢ S, the
s-path can visit in the first layers all vertices of S not visited after the node layer
t. Then, it can leave the set S and enter it again exactly in the arc layer ¢ — 1.
In both cases 3 and 4, The pairs of arcs are chosen as in proof of Theorem 1,
which generates 2n — 1 s-paths for each ¢.

This gives the necessary (n+1)n(n—1) LI s-paths, completing this proof. O
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Proof of Lemma 5

Proof: Case |{i,7}NS| < 1. We can assume without loss of generality that s < ¢,
thus either t = s+1or s =1 and t = n—1. Since n > 7 there are at least 3 layers
of G(n) with arcs in Z. Thus, at least one of these layers has an index r satisfying
|r —s| >1and |r —t| > 1. Choose ¢ = (p,q,7) € T such that p,q € S\ {7,5}.
Note that one can find an s-path containing arcs a, b and c.

Case i,j € S. Note that in this case it must be that s = 1 and ¢t = n—1, since
otherwise either k € S or [ € S, contradicting the hypothesis of this lemma. If
a € T, we are done. Alternatively, a ¢ Z, which implies that Z does not contain
arcs from layer 1. Then, since Z is an alternating independent set, it must contain
the set of arcs A(S,2) from layer 2. Let p be the unique element in S'\ {7, j} and
let ¢ = (j,p,r) € Z. Again, one can find an s-path containing arcs a, b and ¢. O

Proof of Theorem 5

Proof: We need to find n(n — 1)(n — 2) linearly independent s-paths that satisfy
(9) as equality. Without loss of generality, we may assume S = {4,5,6}. Our
proof follows by induction and follows closely the proof of Theorem 1. For n = 7,
the two types of alternating independent sets to consider are cases 1 and 2, which
by symmetry are equivalent. To establish the basis for the induction, one can
prove computationally that inequality (9) for case 1 defines a facet by generating
the incidence vectors of all s-paths that satisfy it as equation and using Gaussian
elimination to verify that 210 LI paths can be chosen from this set.

Let n > 7. By induction, there are n(n — 1)(n — 2) LI s-paths in G(n) that
satisfy (9) as equality. We show how to construct (n + 1)n(n — 1) LI paths in
G(n+1) that satisfy (9) as equality. We divide the set of LI paths to be generated
into 3 cases.

1. s-paths contained in G(n) except for the last arc incident to node (n+1, n+1);
2. s-paths that begin at node (n + 1, 1);
3. s-paths that contain node (n + 1,¢), for 2 < ¢ < n.

Case 1. These paths are obtained by extending the n(n — 1)(n — 2) paths
in G(n) that satisfy (9) as equality by appending an arc incident to node (n +
1,m + 1). Cases 2 and 3 are constructed in the same fashion as in Theorem 1.
By Lemma 5, these s-paths can be constructed to satisfy (9) as equality. a



